Abstract. We record a few observations on number theoretic aspects of Milnor-Witt Ktheory, focusing on generalizing classical results on reciprocity laws, Hasse's norm theorem and K 2 of number fields and rings of integers.
Introduction
The algebraic K-groups of number fields and rings of integers are known to encode deep arithmetic information. This is witnessed already by the computation of the zeroth and first K-groups of the ring of integers O F in a number field F : indeed, the torsion subgroup of K 0 (O F ) is precisely the ideal class group of F , while K 1 (O F ) is the group of units in O F . In the 70's, Tate discovered that the second K-group of F is inherently related to reciprocity laws on F [Tat71] . More precisely, Tate found that in the case when F = Q we have
Tate's proof method follows essentially Gauss' first proof of the quadratic reciprocity law involving an induction over the primes. One can show that Tate's structure theorem for K 2 (Q) gives rise to the product formula for Hilbert symbols over Q, which is an equivalent formulation of the law of quadratic reciprocity. See [Gra03, II §7] for details.
Besides the algebraic K-groups there are several other important invariants attached to a number field F . A noteworthy example is the Witt ring W(F ) of F , which subsumes much of the theory of quadratic forms over F . For instance, the celebrated Hasse-Minkowski's localglobal principle can be formulated in terms of the Witt ring by stating that an element of W(Q) is trivial if and only if it maps to zero in W(R) and in W(Q p ) for each prime p [MH73, Corollary 2.4]. As revealed in Milnor's paper [Mil70] , the Witt group of F is actually intimately linked with the lower algebraic K-groups (i.e., the Milnor K-groups) of F . The understanding of this connection between Milnor K-theory and quadratic forms was greatly enhanced in the wake of Morel and Voevodsky's introduction of motivic homotopy theory [MV99] , and in particular by Orlov, Vishik and Voevodsky's solution of Milnor's conjecture on quadratic forms [OVV07] . In fact, both the Milnor K-groups and the Witt ring was set in new light in the context of motivic homotopy groups. More precisely, Hopkins and Morel introduced the so-called Milnor-Witt Kgroups K MW * (F ) of F , and Morel showed in [Mor04a, Theorem 6.4.1] that for any integer n, there is a canonical isomorphism π n,n 1 ∼ = K MW −n (F ).
(
Here π n,n 1 denotes the motivic homotopy group of the motivic sphere spectrum 1 in bidegree (n, n). The Milnor-Witt K-groups of F are equipped with forgetful maps to the Milnor K-groups as well as the Witt group, and can therefore be considered as an enhancement of the Milnor K-groups of F which also take into account information coming from quadratic forms on F .
Below we investigate what number theoretic information the lower Milnor-Witt K-groups carry. In particular, we define Hilbert symbols and idèle class groups in this setting; we consider the connection between K MW 2 (F ) and reciprocity laws; we compute K MW 2
(O F ) in a few explicit examples; and we show a Hasse type norm theorem for K MW 2
. Since the Milnor-Witt K-groups contain information coming from quadratic forms, we obtain analogs of classical results that are more sensitive to the infinite real places of the number field than the ordinary K-groups.
1.1. Outline. In Section 2 we start by recalling the definition and basic properties of MilnorWitt K-theory, before we move on to computing Milnor-Witt K-groups of the rationals as well as some local fields. We finish this preliminary section by defining valuations in the setting of Milnor-Witt K-theory, lifting the classical valuations on a number field.
In Section 3 we put a topology on the first Milnor-Witt K-group K 1.2. Conventions and notation. Throughout we let F denote a number field of signature (r 1 , r 2 ), and we let Pl F denote the set of places of F . For any v ∈ Pl F , we let F v denote the completion of F at the place v, and we let i v : F ֒→ F v denote the embedding of F into F v . By Ostrowski's theorem, Pl F decomposes as a disjoint union Pl F = Pl 0 ∪ Pl ∞ of the finite and infinite places of F , respectively. The set Pl ∞ of infinite places of F decomposes further into the sets Pl In order to streamline the notation with the literature, we will often use the notations K M n (F ) and K n (F ) interchangeably whenever n ∈ {0, 1, 2}.
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Preliminaries
2.1. Milnor-Witt K-theory. We start out by providing some generalities on Milnor-Witt Kgroups, mostly following Morel's book [Mor12] .
Definition 2.1 (Hopkins-Morel). The Milnor-Witt K-theory K MW * (F ) of F is the graded associative Z-algebra with one generator [a] of degree +1 for each unit a ∈ F × , and one generator η of degree −1, subject to the following relations:
( 
in which the left hand vertical homomorphism is given by mapping [a 1 , . . . , a n ] to the Pfister form a 1 , . . . , a n .
2.1.1. The residue map. In Milnor K-theory, there is a residue map, or tame symbol,
) defined for each finite place v of F . These homomorphisms assemble to a total residue map 
which commutes with η and satisfies ∂ 
Similar maps exist also for Milnor-Witt K-theory, and are constructed in the same way as for the Milnor K-groups. We briefly recall this construction. Let α be a primitive element for the extension of number fields L/F , so that L = F (α). Let P ∈ F [t] be the minimal polynomial of α. The transfer map
is defined by using the split exact sequence [Mor12, Theorem 3.24]
as follows. Let s := x s x denote the section of ∂, and let y ∈ (A 1 F ) (1) be the closed point corresponding to P . Then we define τ L/F as the composition
where ∂ −1/t ∞ is the residue map corresponding to the valuation on F (t) with uniformizer −1/t.
2.2.
Milnor-Witt K-theory of local fields. Proposition 2.2. Let v ∈ Pl F be a place of F . We have 
for any x, y ∈ Λ 0 . Now K MW n (R) is generated by the symbols [a 1 , . . . , a n ] for which a i ∈ R × [Mor12, Lemma 3.6 (1)]. If a i ∈ R >0 for all i, then the observation above along with the relation
for some m, m j ∈ Z and a ij > 0, then we obtain the relation of Pfister forms
Since the signature (with respect to the standard ordering on R) of the left hand side is m · 2 n while the signature of the right hand side is 0, we must have
is the free abelian group generated by −1, . . . , −1 = 2 n 1 . It follows that the canonical map Λ
The first map sends the generator −1, . . . , −1 of
, and hence it has image contained in Λ n ∞ . Thus the short exact sequence (2) yields Λ
Remark 2.3. In the case n = 2 we can give the following explicit description of the isomorphisms appearing in Proposition 2.2. If v ∈ Pl 0 , then the maps K 
Here σ is the signature homomorphism with respect to the standard ordering on R. We can think of the composite homomorphism (3) as a "Z-valued Hilbert symbol" extending the classical Z/2-valued Hilbert symbol on R. We will return to this point of view in Section 5.1.
2.3. Milnor-Witt K-theory of the rationals.
Proposition 2.4. For each n ∈ Z, the residue map ∂ induces an isomorphism
In particular,
Proof. The statement is clear for n ≤ 0 by the description of the Witt-, and the GrothendieckWitt group of Q [MH73, IV §2]. Hence we may assume that n ≥ 1. Upon defining graded subrings Λ ∞ and Λ 0 of K MW * (Q) as in the proof of Proposition 2.2 we find K
is generated by η along with the symbols [a 1 , . . . , a n ] ∈ K MW n (Q) for a 1 , . . . , a n ∈ Q × >0 . The group Λ n ∞ is related to powers of the fundamental ideal of Q as follows:
Thus have a projection map q : I n+1 (Q) → Z for each n ≥ 1, which we will use to identify Λ 
Here the map π is the projection onto Λ n ∞ ∼ = Z. We have the following cases:
• For n = 1 the upper short exact sequence reads
Since this sequence splits, we conclude that
• If n ≥ 2, then the map q is an isomorphism and the claim follows.
This finishes the proof.
2.4. Valuations. Let v be a finite place of F . Classically, the v-adic discrete valuation on the local field F v is a map
On the other hand, if v is an infinite real place of F , then we have a valuation
× maps to 0 if x > 0, and 1 if x < 0. Finally, by definition, ord v := 0 whenever v is an infinite complex place.
Definition 2.5. Let v be a place of F .
(1) If v ∈ Pl 0 , we define 2.4.1. By definition, we obtain commutative diagrams
for any v ∈ Pl r ∞ and v ∈ Pl 0 , respectively. Here rk denotes the rank homomorphism.
Lemma 2.6. Let v ∈ Pl F be a place of F .
• If v is either an infinite place or a nondyadic finite place, then
• If v is a dyadic place, then there is a short exact sequence
Proof. The statement is clear for the infinite places by Proposition 2.2. Let v ∈ Pl 0 be a finite place of F , and consider the commutative diagram with exact rows
is an isomorphism and so we conclude by the snake lemma.
If on the other hand v | 2, then k(v) is quadratically closed and hence the map
We now aim to put a topology on K (1) The map p is proper.
is locally compact and totally disconnected, and
Proof. If v is a complex place there is nothing to show, so we may assume that v ∈ Pl nc F . We have a commutative diagram with exact rows
That p is a covering map follows from this diagram along with the fact that the quotient topology on
is the discrete topology.
Now let v be a finite place of F . Then I 2 (F v ) ∼ = Z/2, so that we have an exact sequence
Thus p is in this case a two sheeted covering map, hence proper. The claim (2) follows from Lemma 2.6 along with the properties of the topology on F × v .
Idèles
By using the topology on K MW 1 (F v ) defined in the previous section, we can construct idèles and idèle class groups in the setting of Milnor-Witt K-theory:
Definition 4.1. For any finite set S of places of F , put
The Milnor-Witt idèle group J F of F is defined as the direct limit
where S ranges over all finite subsets of Pl F .
Proposition 4.2. There is a short exact sequence
0 → v∈PlF I 2 (F v ) → J F p − → J F → 0,
where the map p is induced by the projection maps from Milnor-Witt K-theory to Milnor Ktheory.
Proof. For the definition of the homomorphism p, note that we have projection maps J F (S) → J F (S) for any finite set of places of F . Here J F (S) :
The map p is then the induced morphism on the colimit, which we notice is surjective.
Let Pl 2 := {v ∈ Pl F : v | 2} denote the dyadic places of F . It follows from Lemma 2.6 that the kernel of the projection map J F (S) → J F (S) is v∈S∪Pl2 I 2 (F v ). Passing to the colimit as S varies, we thus find that the kernel of the map J F → J F is v∈PlF I 2 (F v ).
4.0.1. Topology. Using the topology on the groups K MW 1
(F v ), we can topologize J F similarly as in the classical case: Definition 4.3. Let S be a finite set of places of F . We define a topology on J F (S) by taking the topology generated by the sets
where the U v 's are open subsets of K MW 1 (F v ) for each v ∈ S. This defines a topology on J F via the direct limit topology.
Lemma 4.4. The Milnor-Witt idèle group J F is a locally compact topological group.
Proof. This follows from the fact that J F is the restricted product of the groups K 
Proof. By Proposition 4.2, the kernel of the map
By the snake lemma it suffices to show that the cokernel of the map I 2 (F ) → v∈PlF I 2 (F v ) is Z/2. But this follows from the snake lemma applied to the commutative diagram with exact rows
using the fact that the left hand vertical map ι is an isomorphism by Lemma 4.9 below, and that the cokernel of the right hand vertical map is Z/2 by [Mil70, Lemma A.1].
Lemma 4.9. For any number field F , the canonical map ι :
Proof. The map is injective by the Hasse-Minkowski theorem. We must show that it is surjective.
If v ∈ Pl 0 ∪ Pl c ∞ , then I 3 (F v ) = 0 and there is nothing to show. On the other hand, if v is an infinite real place, then I 3 (F v ) ∼ = I 3 (R) ∼ = Z. By strong approximation [Neu99, p. 193] we can find an element a ∈ F which is negative in the i-th ordering on F and positive otherwise. Then −1, −1, a ∈ I 3 (F ) maps to the i-th unit vector in v∈Pl r I 3 (R).
Remark 4.10. One can speculate on whether there is a variant of the abelianizedétale fundamental group which is the recipient of a reciprocity map defined on the Milnor-Witt idèle class group C F and which lifts the classical Artin reciprocity map ρ : C F → Gal(L/F ) ab .
A Moore reciprocity sequence for Milnor-Witt K-theory
The classical result of Moore on uniqueness of reciprocity laws states that there is an exact sequence
Here h denotes the global Hilbert symbol, and the group WK 2 (F ) is known as the wild kernel [Gra03, §7] . Moreover, the map π is defined as , we first need to define Hilbert symbols in the setting of Milnor-Witt K-theory. These should be particular instances of maps of the following type:
Remark 5.2. Note that any abelian group A is also a GW(F )-module via the rank map rk : GW(F ) → Z. Thus we should think of the definition of a Milnor-Witt symbol as a lift of the classical notion of a symbol, i.e., a Z-bilinear map (−, −) : 
where the first map is induced by the inclusion i v : F ֒→ F v . Moreover, let 
Here the first map is multiplication on Milnor-Witt K-theory.
Example 5.6. It follows from Proposition 2.4 that given any A-valued Milnor-Witt symbol 
The result follows.
Corollary 5.8. With notations as above, the diagram
Proof. For finite places this holds trivially; for real places the claim follows from Lemma 5.7. Proof. Consider the following commutative diagram with exact rows:
Here p ′ and q ′ are induced from p and q, respectively. According to Lemma 4.9, the map ι :
is an isomorphism. It follows from this and a diagram chase that p ′ and q ′ are isomorphisms.
Example 5.11. We see from Proposition 2.4 that in the case F = Q, the exact sequence of Proposition 5.10 reads
Here we have used that WK 2 (Q) = 0.
Regular kernels and Milnor-Witt K-theory of rings of integers
We will now consider various kernels of the Hilbert symbols and the tame symbols. Recall that in classical K-theory, there are three subgroups of K 2 (F ) of particular interest:
We have already encountered the wild kernel WK 2 (F ), and it is a classical result of Quillen that K 2 (O F ) is the kernel of the tame symbols ∂. The group K + 2 (O F ) was introduced by Gras in [Gra86] and is referred to as the regular kernel. It is a modification of K 2 (O F ) that takes into account also the real places of F .
Here π v is any choice of uniformizer for the discrete valuation v. Moreover, we let
where the maps are given by the signatures with respenct to the orderings on F . Remark 6.3. If S is a set of places of F containing the infinite places, note that we can also define Milnor-Witt K-theory of the ring of S-integers O F,S in F as
Here π v is a uniformizer for the place v. For n = 2, the groups K MW 2 (O F,S ) were also considered in [Hut16] . More precisely, Hutchinson defines a subgroup K 2 (2, O F,S ) of the second unstable K-group K 2 (2, F ) by
By [Hut16, Proposition 3.12] there is a natural isomorphism K 2 (2, F )
(O F,S ). The main theorem of [Hut16] states that if S is a set of places of Q containing 2 and 3, then K Proposition 6.5. We have a short exact sequence
where the homomorphism q is induced by the forgetful map from Milnor-Witt K-theory to Milnor K-theory.
Proof. Consider the commutative diagram with exact rows
Since the right hand vertical map is an isomorphism, it follows that ker(q) ∼ = ker p = I 3 (F ) ∼ = Z r1 , while coker q = 0. Proposition 6.6.
In particular, by Garlands theorem on the finiteness of
is a finitely generated abelian group of rank r 1 .
Proof. The snake lemma applied to the diagram
yields the first claim of (1); the second claim follows similarly. For (2), we use (1) along with the observation that the short exact sequence
is split, and similarly for K MW 2 (F ).
Remark 6.7. In contrast, the corresponding short exact sequence for K 2 (O F ), (O F ). In the following table, we consider the number fields F = Q[x]/(P ) defined by the polynomial P . We let ∆ F denote the discriminant of F , and (r 1 , r 2 ) the signature. The classical norm theorem of Hasse states that if L is a cyclic extension of the number field F , then a nonzero element of F is a local norm at every place if and only if it is a global norm. We can think of this result as a norm theorem for K 1 .
In 
